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ABSTRACT 

We construct  a symmetr ic  sequence space that  is of infratype 2 but  not 

of type 2. 

1. I n t r o d u c t i o n  

A Banach space X is said to be of infratype p if there exists a number C such that 

for any N > 0 and any vectors x l , . . .  ,XN of X,  one can find signs r/j E { -1 ,  1} 

such that 

z ll  ll ) 
j<_N j<_g 

A Banaeh space X is said to be of type p if there exists a number C such that 

for any N > 0 and any vectors Xl , . . .  ,XN of X, one has 

(1.2) av ~ ___ C ~ Ilxjll p , 
j < N  j<_N 
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where Av denotes averaging over all choices of signs. Obviously, if a Banach 

space is of type p it is also of infratype p. For p < 2, the converse is proved in 

[2]. This paper will prove that  this converse does not hold for p = 2. 

THEOREM 1.1: There exists a symmetric sequence space X that is of infratype 
2 but not of type 2. 

Let us recall that  a symmetric sequence space is a space that  admits a 1- 

unconditional basis, and such that  the norm of a vector is invariant under per- 

mutation of its coordinates in this basis. 

A Banach space X is said to be of sup-cotype q if there exist a number C 

such that  for any N > 0 and any vectors Z l , . .  �9 XN of X we can find signs r/i 

such that  

(1.3) ( 3 ;  ,'xj,,q) l/q ~_ c j ;  ?]jXj , 

and it is said to be of cotype q if (1.3) can be replaced by 

(1.4/ Ilxj[I q < C a r  ~ ~ j x j  . 

_ j < _ N  

It is proved in [3] that  for q > 2, a Banach space X is of cotype q if and only 

if it is of sup-cotype q. For q = 2, this is not true, even if X is a symmetric 

sequence space, as is shown in [4]. 

When trying to construct a symmetric sequence space X of infratype 2 but not 

of type 2, the first approach that  comes to mind is that  the dual of the space of 

[4] should be a good candidate. However, the symmetry between (1.1) and (1.3) 

is rather formal. Given vectors (xj)j<_N, it is much easier to find signs (~j)i<_N 
such that  1[ }-~j<_g ~jxjl[ is large than to find signs such that  [[ Ej<N ?]jXj[[ is 

small. There is much less room to construct the example that  proves Theorem 

1.1 than the space of [4]. Not surprisingly, however, the dual of the example we 

are about to construct is a new example of a space that  is of sup-cotype 2 but  

not of cotype 2. 

ACKNOWLEDGEMENT: The author is gratefifi to an anonymous referee for 

pointing out a mistake in the first version of this paper, and for a very careful 

reading that  led to many improvements. 
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2. T h e  c o n s t r u c t i o n ;  bas ic s  p r o p e r t i e s  

The construction depends on a sequence (ink)k > 1 of integers, and on a parameter  

r > 2. The space X will be of cotype r. 

We observe that  X cannot be of cotype 2, or even of sup-cotype 2. Indeed, 

in tha t  case, if (ei) denotes the canonical basis of X,  assuming without loss of 

generality that  IlciN = 1, we have II ~i<N r]iaieill = II Ei<N aieill by uncondi- 

tionality, so that  
/ \ i/2 

1 E a  ~ 
E a i e i  >---Cli<N ) 
i < N  

if X is of sup-cotype 2, and 

if X is of infratype 2. Thus in that  case X is isomorphic to a Hilbert space, and 

hence of type 2 and of cotype 2. 

The only requirement for the sequence (ink)k>_1 is that  it increases fast 

enough; how fast is required for our construction will be determined later. We 
2(a+1) 

set nk = 2kma, and we already assume that  nk >_ na_ 1 
Consider the space Z of functions N --+ IR with finite support .  The space X 

will be the completion of Z for a certain norm. For x, y in Z we write 

(y, x} = E y(i)x(i). 
i > l  

The bracket (.) will also be used to denote the duality between X and its dual 

X * .  

To lighten notation, for x C Z we write 

CS(x) = ca rd{ /E  N; x(i) 7t 0}, 

the cardinality of the support  of x. 

Given a > 0, and integers s < t, we consider the norm 

{ a } (2.1) IIXNa,s,t = sup (y,x): Vi, ly(i)l <_ -~ ,  IlYlI2 < a ; C S ( y ) _ < t  , 

where I1 112 denotes the f2 norm. For k _> 1 and 0 < f < k we consider the norm 

IlXflk,e = IIxIla,s,t where a = 2 -k+e, s = n~ and t = n[. +1 
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We consider the norms 

(2.2) 

(2.3) 

(2.4) 

and finally 

I I I x l l l l  = IIxNk,e , 
k_>l g<k 

(z(; 111x1112 = Ilxll~,e) 2/~ , 
k even 0 k 

\ 1/2 
X r 2 / r  

111Xll]3 : (k  o~dd (0<g~< kl] ][k,~) ) ' 

(2.5) Itxll=inf{lllXlLItl +ltlx21112+lllx31113;x=xl+x2+x3}. 

In (2.3) and everywhere, "k even" means "k even and k > 2". 

The space X is the completion of (Z, I1 II), so it is obviously a symmetric 

sequence space. Of course, the ideas behind these definitions will become clear 

only gradually. We first have to learn how to work with the norms [[. IIk,e. 
We start  with simple facts. 

LEMMA 2.1: We have 

(2.6) Ilxlla,~,t <_ allxll2, 

(2.7) tlxlf~,s# ~< a ~ l l x l l ~ ,  

(2.8) HXlla,s,t < I l x l l 2 ~ ~ -  

Of course here I1" I1~ denotes the supremum norm. 

Proof: To prove (2.6) we use that  (y,x) < Ily11211x112. To prove (2.7) we use 

that  (y,x) < /lylllllxll~ ___ I l y l l ~ ~ l l x l l ~ ,  and to prove (2.8) we use that  

<y,x> < Ilyll~llxlll < Ilyll~llxll=v/~((x) �9 ' 

LEMMA 2.2: If Ilxll~,s,~ ~ b and if the sequence (Ix(i)l) is non-increasing, then 

b 
(2.9) Ix(s)l < a ~ '  

b 2 
(2.10) E x(i)2 < ~-~. 

s<_i<s+t 

Proof: By taking y(i) = +a/~/~ for i _< s (< t) and y(i) = 0 if i > s, we get 

six(s)l <_ ~ Ix(i)l __ bv~ a 
i<<_s 
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and this proves (2.9). 

For s _< i < s + t, let y(i)  = x ( i ) /Ab ,  where 

( 1 ,  1 ( ~ )1 /2 )  
A ~ - -  x ( i )  2 , m a x  

s<i<s+t 

and let yi(0) = 0 i f i  < s or i _> s + t. 

Thus, by (2.9), and since Ix(i)] <_ Ix(s)l for i _> s, we have ly(i)l <_ a / v / s  , and 

we also have ~s<_i<s+t Y(i) 2 <- a2" 

Thus 
1 

<Y, ~> = ~ Z x~(i) < b 
s~_i<s+t 

and this implies (2.10). | 

We define co = cl = 1, and for k > 2 we define 

k k (2.11) ck = 2 /~/,n~_ 1. 

We define ck,o = ck and for 1 < ~ < k we define 

2k-e/ne/2  (2.12) ck,e = I k " 

For secondary technical reasons, we will also use the norm N'k defined by 

Hk(x) --Ilxll~ for k = - 1 , 0 , 1  and for k _> 2 by 

(2.13) Nk(x) = supT<x,y>; IlYlI2 ~ 1,Ca(y)~ n~_l}. 

Thus for k > 2 we have 

(2.14) IlXllk-t,k-1 ~ Hk(x). 

L E M M A  2.3: I f l l l x l  III ~ 1, we can find a decomposit ion 

X = E Xk'~ 
k> l ,O<s  

and we can find numbers  ak,e >_ 0 such that  the elements xk,e have disjoint 

supports  and 

(2.15) Z ~rk,~ _< L, 
k>_l,0<s 

(2.16) Ilxk,ell2 < 2k-%k,e, 

(2.17) IIx~,ello~ < ck,e~,e, 
(2.18) CS(xk,e) < n~ +1, 

(2.19) Hk(xk,o) < ~k,o. 
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Here and below, L denotes a number  tha t  depends only on X,  and tha t  need 

not  be the same at  each occurrence.  

Proos Withou t  loss of general i ty we assume tha t  the sequence (]x(i)l) is non- 

increasing. We set ~k,t = ]lxl]k,~, and if ~ > 1 we set 0/k,e = /~k,t. We set 

0/1,0 = 2/~1,0, and if k > 2 we set o/k,0 = flk,O +/~k- l ,k-1-  Thus  (2.15) holds by 

(2.2). 

Set t ing no = 1, for k > 1 we define Xk,o by xk,o(i) = x(i) i fn~_  1 _< i < nk and 

Xk,o(i) = 0 otherwise.  We use (2.10) with s = 1,t  = nk ,a  = 2 -k and b = ilk,k-1 

to  see tha t  ~i<n~ x(i)  2 < .)~k~2 so tha t  Ilxk,oll2 < 2k~k,o < 2k0/k,0- Moreover,  
_ - -  ~ ~ ' k , 0 ~  - -  - -  

for i > nk_l  we have ix(i) 2 < ,)2k;r and thus IlXk,ol]cr < ck/~k,o < Ck0/k,O. If 
- -  - -  " ~ ' k , 0  - -  - -  

k-1 t = n~_l ,  a = 1 and b = flk-l,k-1 to see k > 2 we use (2.10) with s = nk_l ,  

~ : - 1  �9 ~: ~ - 1  ~k- l , k - l '  SO tha t  (since the sequence (Ix(i)l) t ha t  ~n~:_l<z<n~_l+nt:_ 1 x(i)  2 < 2 

is non-increasing) we have Afk(Xk,k-1) < 8k-l ,k-1 < C~k,O. If k = 1 we have 

J~fl(Xl,0) ----Ilxl,oll~ < IIx~,oll= < 2 ~ , o  -- 2o/1,o. 
For 1 < g < k, we define x~,t by xa,e(i) = x(i) i fn~ < i < nek +~ and xa,e(i) = 0 

otherwise. We observe tha t  (2.18) is obvious by construct ion.  We use (2.10) 

with s = n~, t = n e+~ 2 -k+~, , and a = b = / ~ , e  to prove (2.16) and (2.9) to get 

2k--g 

" le  k 

| 

We need the following kind of converse to  L e m m a  2.3. 

LEMMA 2.4: Assume that for k > 1 and 0 < ~ < k we are given Xk,e E Z and 

ak,e >_ 0 such that 

(2.20) Ilxk,ell2 <_ 2k-%k,e, 

(2.21) Itxk,ell~ <_ c~k,e, 
(2.22) CS(xk,e) < n[. +2, 

(2.23) Xa(Xk,e) < 2-t0/k,g. 

Then if  x = Zk>l ,0<f(k  Xk, e we have 

(2.24) , l lx,] , l  < L (  ~ a~.,e ) 
k_>l,0<$<k 

1/r 

The  reader  observes the exponent  ~ + 2 ra the r  than  g + 1 in (2.22) and the 

t e rm Ck ra the r  than  ck,~ in (2.21). 
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Prod: For any  integers k ' ,  g' > 0, we have 

k,g 

where to l ighten no ta t ion  we keep implicit  t h a t  the  s u m m a t i o n  is over k > 1 

and 0 < g < k. We are going to prove t ha t  

(2.25) Uxk,dIk,,e, < ak,~a(k, g, k', g') 

where 

(2.26) Vk, g, E a(k,C, k', ~') <_ L, 
k' ,~' 

(2.27) Vk', g', E a(k,g, k', g') < L. 
k,g 

The  convexi ty  of the funct ion t ~ t ~ shows f rom (2.25) t h a t  

( II~llE,,e, < E a ( k , g , k ' ,  g') Ea~k,~a(k,g,k' ,g')  �9 
k,s k,g 

S u m m a t i o n  over k ' ,  ~' and use of (2.26) and  (2.27) then  establ ish (2.24). 

The  rest of the  proof  is made  tedious by the need to dist inguish cases. From 

(2.6), (2.7) and (2.8) respect ively  we get t ha t  

(2.28) Ilxk,ellk,,e, < 2 -k '+~ '+k -~ak  ~, 

(2.29) Uxk,eilk,,~, <_ 2-k' +i' +k-e ~ , + l  ckozk,~, 

/2~2 
(2.30) Ilxk,~llk,,~, < ~ ~ / - : ~ , ~ k , ~ .  

V n~, 

If  k'  > k and g' = 0 we use (2.28) to get a(k, ~, k', ~') < 2 k-k ' - t .  
If  k'  > k and ~' > 1 we use (2.30) and  we observe t ha t  n~ +:  < n k+2 < 

2(k+2) since nk, > nk+l > n k , so we get a(k, ~, k', ~') < 2kn[., 1/4. 
I f  k '  = k and  ~' > g + 3 we use (2.30) to see t h a t  a(k, ~, k', ~') < 2knk 1/2. 
I f  k' = k and g' < g + 2 we use (2.28) to  get t h a t  a(k, ~, k', ~') < L2 t'-e. 
If  k'  < k and  g ' +  1 < k - 1 we use (2.29) and  n~k', +1 <_ nk_l ,k-1 Ck = 2kTt~t{ 2 to 

get a(k,g,k' ,e ')  <_ 2kn;1_{ 2 
Finally, if k < k ~, and ~' + 1 > k - 1, since ~' < k'  we have k'  > k - 2 so t h a t  

k'  = g' = k - 1. In t h a t  case we use (2.14) and (2.23) to get Ilxk,ellk_l,k_l < 

Afk(xk,e) < 2-eak,e  and  hence a(k,g, k ' ,d)  < 2 -e. 
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It is then immediate  to check (2.26) and (2.27). | 

We define ' = 2 c k - 1  and f o r g > l w e d e f i n e c  t Ck,o - k,e = ck,e = 2k-en[.e/2. 

LEMMA 2.5: I f  Ill x [[[2 < 1, we can find a decomposit ion 

X = E Xk,g 
k even,O<~<k 

and numbers  ak,~ > 0 such that  the elements  xk,e have disjoint supports  and 

(2.31) Z oz~, e < L, 
k even 0 k 

(2.32) Ilxk,ell  < 2k-%k,e, 
(2.33) Ilxk,dl  _< c' ,ec k,e, 
(2.34) CS(xk,e) _< nek +a, 

(2.35) J~fk--l(Xk,o) ~ O~k, O. 

Proo~ Without  loss of generality we can assume tha t  the sequence (Ix(i)[) is 

non-increasing. We define/~k,e = IIxllk,e. For g > 1 we define ak,~ = /~k,e- We 

define a2,0 = 2/~2,o and for k _> 4 we define ak,o = /~k,0 +/~k--2,k--2- For k >_ 2, k 
even, we definexk,o(i) x( i )"  k-a = afnk_ 2 < i < nk andxk ,o( i )  = 0 otherwise. Weuse  

(2.10) with s = 1,t  = n k , a  = 2 -k and b =/3k,o to get Ei~_nk x ( i )  2 ~ 22k~k ,  0 

and ix ( i )  ~ <_ 22k/3k,O, which implies (2.33). When k _> 2 we use (2.10) with 
k - 2  k - 1  s = nk_2, t = n k _ 2 , a  = 1 and b = / ~ k - 2 , k - 2  to get A/'k-a (Xk,o) _< /3k-2,k-2. The 

rest is as in the case of Lemma 2.3. | 

The proof of the following is very similar to tha t  of Lemma 2.4 and is left to 

the reader. 

LEMMA 2.6: A s s u m e  that  for k even and 0 <_ f < k we are given e lements  

Xk,~ E Z and numbers  ak,e > 0 such that  

(2.36) [[xk,d[2 _~ 2k-gOlk,g, 
(2.37) Ilxk,el[  <_ 2 k-a k,e, 
(2.38) CS(xk,e) _< nek +2, 

(2.39) Afk-l(Xk,e) _< 2-~ak,e. 

Then  we have 

z 
k even 0<e<k  k n 

/ \ 1/2 
r 2/r 

- 0 < g < k  
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Of course, similar results hold for a summation over k odd. 

3. T h e  d e c o m p o s i t i o n  p r o p e r t y  

The basic property of our construction is as follows. 

THEOREM 3.1: Consider vectors (Xj)j<_N of X .  Then we can find an increasing 
family (Ij)j<_N of subsets of  N such that 

(3.1) j < mk+l ~ ca rd l j  < k22k+l/c~ 

! and such that is xj = xj 1 t2, we have 

(3.2) (ZXlff) 1/2 ~ L(~I[xj,]2) 1/2 

Proof." To simplify notation we set xj = 0 for j > N. All summations over j 

will involve only finitely non-zero terms. By definition of I1 II, and Lemmas 2.3 

and 2.5, for j _> 1 and k _> 1, 0 < f < k, we can find numbers ak,e,j >_ 0 and 

/3k,e,j >_ 0 such that  

(3.3) ~ c~,e,j <_ IlxjlL, 
k_>l,0<~<k 

\ 2/~, 1/2 

(3.5) (k~odd (O<~e<k/~;,g,j)2/r)l/2 ~ IlXjH, 

and elements xk,e,j, Yk,e,j of Z such that  

(3.6) 
(3.7) 

(3.s) 
(3.9) 
(3.10) 
(3.11) 
(3.12) 
(3.13) 

the vectors (xk,e,j) have disjoint supports for k >_ 1, 0 < g < k, 

Ilxk,e,jll2 _< 2k-e~k,e,j, 
Ilxk,e,jll~ <_ ck,eak,e,j, 

CS(xk,e,j) <_ n~ +1, 

Ark (zk,0,3) _< ~k,0,j, 
the vectors (Yk,e,j) have disjoint supports for k even and 0 < f < k, 

the vectors (Yk,e,y) have disjoint supports for k odd and 0 < ~ < k, 

Ily~,~,jll2 _< 2k-e~k,e,j, 



166 M.  T A L A G R A N D  Isr .  J .  M a t h .  

(3.14) IlY~,~,jlloo _< ~t,e/~,~,r 
(3.15) CS(yk,t,y) _< n[. +1, 

(3.16) Xk-1 (Yk,0,j) _</3k,o,j, 

(3.17) I/jl _< ~ (Ix~,~,~l + I~k,~,~l). 
k>l,O<g<k 

Consider for k _> 1 and 0 < g < k the function vk,g given by 

(3.18) 2 2 ~k,e: = ~ (x~ ,~ , j  + y~,~,~) 

where the summation is over j such that m k <  j <_ l~k-i-1 and p such that 

max(l ,  g) <_ p <_ k. 
2 k -  2g ~2 By Markov's inequality there exists a set Ak,~ with cardAk,~ < 2 /c k 

such that 

(3.19) 

We define 

IIv~,~IAz.,II~ < 2~-kckllvk,~ll=. 

U UAp,,. 
m p < j  e<_p 

I f j  _< mk+l then mp< j ::* p <_ k, and since Cp >_ Ck fo rp  _< k this proves (3.1). 
Of course the reason for this definition will become clear only when we perform 

the main calculation, which we start now. We keep the convention that }-'~k,~ 

means summation for k >_ 1 and 0 < g < k. Using (3.17) we have 

2 2 1 (3.20) xj2 lijc <_ L E(xk,~,j  + Yk,e,j) 12 
k,g 

so that  

(3.21) 2 c E Xjllj- < L E E(X2k,~,J + Y2,~,j)II:" 
j > l  k,g j k l  

We define xk,~ >_ 0 and Yk,i >_ 0 by 

~ x ~ (3.22) Xk,g = k,g,j 
j<mt: 

and for q >_ k we set 

E 2 = Yk,g,j 

Wk,g, q = 

j<_rn~: 

E (X2k,e,J + y~,&j)ll2, 
mq<j~_mq+l 



Vol. 143, 2004 TYPE AND INFRATYPE IN SYMMETRIC SEQUENCE SPACES 167 

so that  by (3.21) we get 

(3.23) -- k,e '~ Yk,~ ']- E Wk,e,q 
j>_l k,e q>_k 

C Now, for j > mq and g _< q we have Ij D Aq,e, so that  1~ C Aq, e and 

Z Z 1A;  E 
q>k>_g>O,k>_l q>_k>_~>_O,k>_l mq<j<_mq+l 

< ~_, 1A~4.~ ~ ~_, (x~,e,j + Y~,e,y) 
q~l,q~e>_O mq<j<mq+l k>l,q>_k>_. ~ 

q~_l,q>_.~>_O 

using (3.18). Thus from (3.23) we see that  

x~lI'~ <_ LE(xk , l  +Yk,e +Vk,glAz.~). 
_ k,g 

To finish the proof we will show that ,  setting S = (~j>_l IlxJ]12) ~/2, we have 

(3.24) ~k e xk,e 1 <- LS, 
~7 

(3.25) E Yk,e 2 <- LS, 
k even,0</<k 

(3.26) Y]~ y~,e 3 < LS, 
k odd,0<~<k 

(3.27) E vk,elA~.~ s <- LS, 
k even,0<e<k 

(3.28) k E Vk'elA~"~ 2 <- LS. 
odd,0<~<k 

The reader notes the key fact, the use of {11" 1113 in (3.27) and of Ill" ill2 in 
(3.28). To prove (3.24) we set 

( x--" 2 )1/2 
Ctk, e -~ ~_~ Olk,s 

j<_'mk 

and we use (3.7) to (3.9) to see that  

Ilzk,elb <_ 2k-eak,t, 
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Ilxk,dloo ~_ ck,~o~k,~, 

CS(z~,e) < n e+2, 

(3.29) Afk(Xk,~) <_ 2-eak,e. 

To prove the last relation we observe first the general fact that Ark ( ( ~  y~)1/2) <_ 
(~-~Af~(yj)) 1/2, which is obvious if one keeps in mind that N'k(y) is the supre- 

mum of the 62 norms of certain finite-dimensional projections of y. We then note 

that  N'k(xk,o,j) < ak,o,~ by (3.10), while for g > 1 we use (3.8) and the fact that 
k/2 k/2 k/2 -1/2 2_ k 2_e. we have ./~fk(Xk,g,j) ~ nk_lllXk,i,jllc ~ and nk_lCk, e <_ nk_ ln  k _ < _ < 

Thus from Lemma 2.4 we have 

: (k~,e \ 2 / r  ( / \ r / 2 \ 2 / ~  

k,g �9 k,g 

using (3.3) and the triangle inequality for the norm H" H~/2. 

The proof of (3.25) and (3.26) is entirely similar and we turn to the proof of 

(3.28). We define ~a,~ > 0 by 

(3.30) ~2 2 k,~ = Z(~p,~ ,~  + 9~,~,~)2 2(p-~), 

where the summation is over j with mk < j < rnk+l and p with max(l ,  6) < 

p < k. From (3.7) and (3.13) we see that 

Ilvk,ell~ _< Y~.(llxp,e,~ll 2 + Ily~,e,jll2 2) <_ ~22(p-e)(c~,e,j  +/~p,e,j)2 = 22(k-e)~2~,k,e 

where the summations are as in (3.30), so that 

Ilvk,ell2 <_ 2k-e ~k,e. 

Using this inequality and (3.19) we similarly see that 

Ilvk,elaz ~11~ <- c~gk,e. 

Moreover, by (3.9) and (3.15) we get 

~g+2 CS(vk,e) _< 2mk+l E '~P~A-1 _< 2kmk+lTt~-I-1 _< lek+l" 
p<_k 

Writing 7p,e = /~p-l,e and Wp,e = %-~ ,e l a ;_ i  ~ we see that (setting k = p - 1) 

E vk,elA~ = E w~,,e 
k odd,0<g<k p even0<~<p-1 
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where 

IIw~;Ib < 2P-"~p,,, IIw~,,llo~ < c~-~r~,,, CS(w,, , )  < _,+2 ~ (w,,,) < 2-%, , ,  _ _ _ ' l e p  ~ . J V k - - 1  _ 

the last relation being obtained as (3.29). Thus from Lemma 2.6 we have 

(3.31) 
k odd,O<,<k k odd O<~<k " 

We turn to the control of the right-hand side. Let 7p,e,j = a p , , , j  + /~p,,,j SO 
that by (3.3), (3.4) and (3.5) we have 

(3.32) V p > l ,  ( X ~  7 s  2/ '-< LIIxjll 2, 
o<_,<_p 

and by (3.30) we have 

9 ~ < ] ~ , , , ~ 2 ~ ( ~  -k) k,, -- 

where the summation is as in (3.30). Thus, if we set 6p,, d : 7p,,d if ~ < p and 
6p,e,j : 0 if C > p we get 

3~,, < E E x2 o2@-k) _ t .p , , , j z .  . 

m ~ , < j < m k + l  l < p < k  

Using the triangle inequality for the norm II-11,./2, we get that for each k we 
have 

O<,<k mr: <j<rn~,+l 1 ~p_<~ " O<e<k 

mk <j<rn, k+l  l <p<_k O_ _ p  

< ~ ~ 2a~'lk/llxjil 2, 
rn~,:<j~m~,:+l l < p < k  

using (3.32) in the last line. Performing this summation we find that the right- 
hand side of (3.31) is at most L S .  This proves (3.28). The proof of (3.27) is 
similar. | 



170 M. TALAGRAND 

4. Fa i lu re  of  t y p e  2 

We will need the following facts, true in any symmetric sequence space. 

PROPOSITION 4.1: (a) Given elements ( X j ) j < N  of Z we have 

/ 2 \  1/2 
(4.1) ( E x j )  _<LAv E ~ j x j  . 

" j<_N " ,I j < N  

(b) If  for some r > 2 the space X is of cotype r, then 

~jx~  _ c . Z xjA) 1/2fl (4.2) Av E < ( 
j<_g j < N  

(where C depends on X only). 

Proof: If y* E X*, [lY*I[ -< 1, then, by Khintchine's inequality, 

Isr. J. Math. 

~(( ~ x~) lJ2) = ~ y~ ( ~  x~ ~) lj2 

i k l  j < N  

_< L A v  E ~jxj 
j<_N 

and this proves (a). We refer the reader to [1] for a proof of (4.2). II 

Prom (4.1), to prove that X is not of type 2, it suffices to show that for any 

number A > 0 we can find elements (xj)j<_N of X with 

(,Zx~)l~ ~( , ;  ~ ~)1~ 
Consider an integer q and disjoint sets (Ik)k<_q of N, with cardlk = nk, and 

2 k 
x = }--~ ~ 1 , ~  := ~-~ Xk,0. 

k<q k<q 

We see from Lemma 2.4 (used for ak,e = 0 if g > 1 and c~k,0 = 1 for k < q) that  
Ilxll <<_ Lq 1/r. Consider disjoint sets (Jk)k<q of N, with card Jk = n k, and 

2 k 
Xl = E - - 1 J k "  

k<_q 
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2 for a certain N, where xj is It should be obvious that  x '~ = N -1 ~j<_N xj 
obtained from x by a suitable permutation of the coordinates, so that  

_ L v ~ q  1/r. (4.3) ( j~<N ]]Xj]]2) I/2 < 

Consider 

so that  

and thus 

(4.4) 

Now, we observe that  

Ily~ll~ < 2-L 

so that  

y' = ~-'~ l ~ l &  := Z y  k 
k<_q 2k~/n k " k<q 

(y', x'} = q 

Irx'fl > ~ q  
- I l y ' l l ,  

CS(yk) < n k, tlyklG ~ 2 - U ~ ,  

(yk,x) < L <_ 2-kllxllk,~ ~ 2 -k III x IIh; 
<Yk, x> < LIIxlM-l,O; <yk, x> <_ LIIxllk+2,o. 

Thus we have (y' ,x}  < 2]llxlll~ and 

k even,k<_q+2 
Ilxllk,o ~< LV~IIIxlIt2 

and similarly (y',x> < Lx/~lItxllta, so that  Ily'll. ~ L~/~. Thus (4.4) shows 

that ]lx'll > v ~ / L  and, comparing with (4.3), this finishes the proof. II 

It is also good to note the following. 

LEMMA 4.1: Given A > O, we can lqnd elements (Yj)j<N of X* with 

Proof: With the previous notation, let 

1 1 
Y = Z 2kv/-h-~. Ik 

k<q 
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so (x,y} = q and IlYlI* _> Lq 1-1/r since Ilxll _< Lq 1/r. Obviously we have 

where yj is obtained from y by a suitable permutation of y~2 = N-1 Ej<N Yj 
the coordinates, and we have shown that  ][yq[, _< Lv@ | 

5. Study of  X* 

In this section we assume that  the sequence mk grows fast enough to ensure 

that  mk >_ Ck425k (the crucial point being that  ck depends only on mk- t ) .  

THEOREM 5.1: The space X* satisfies the Orlicz property (i.e., is of sup-cotype 
2), but is not of cotype 2. 

The following property will be crucial. 

PROPOSITION 5.2: Consider vectors (Yj)j<_N in X*. Then we can /~nd an 

increasing family ( Ij )j<_N of subsets of N with 

(5.1) j _< mk+l ~ ca rd l j  _< k22k+l/c~ 

and such that 

(5.2) (j~<N IlyjH2)I/2 ~- L( (j~<NY2)l/2* + (j~<NI[yjlIj[I2*)I/2)" 

Proof: 
II,/ �9 Then, by Theorem 3.1 we can find sets Ij  as in (5.1) such that  Ilyj 2 2 

~ V  ~ 1/2 - ,1/2 X211]) <__ L( E [[YJI[2*) " 
~k j~<N_ " j<_N 

Using the Cauchy-Schwartz inequality on each coordinate we have 

/ 2\1/2 / \1 /2 \  
(5.3) E(y j , x j l r : }<_  ( E y j )  , I E x ~ l I 2 )  } 

j<_N "j<_N ~ j<_N / / 

~__ (j~y2) l/2, (j~X2112) 1/2 

~ L ( j~NY2)l /2* ( ~  HYj]'2,) 1/2 

For j < N we consider xj C X, with Ilxjll = Ilyjll,  a n d  (yj,xj> 
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On the other hand, we have 

E (yj '  Xj 1I~'- ) ~ E ((yj '  Xj } -- (y j ,  Xj 1 b }) 
j<N j<_N 

1 
- II jl]. - E ( y J l I j ,  

j<_N j<N 
1 ->2~- II yjll,2 _ ~ ilyjlzjll,llyjll, 

j<_N j<N 1 (~ )1/2(~ )1/2 
- > 2 E -  IIYjlI.2 ilyjlljll2, ilyjl[2, 

j<N _ _ 

Combining with (5.3) yields the result. | 

Proof of Theorem 5.1: We first prove the Orlicz property. Consider vectors 
(Yj)j<N of X* and assume that for all signs (~]j)j<N we have 

(5.4) E ~JYJ �9 <- 1. 
j_<N 

Then Av Y~j<_N ~JYJ �9 --< 1, and, as shown by Proposition 4.1, we have 

(5.5) yJ < L. 
j<N * 

It should be obvious that IlYlI. > lY(i)l/L for each i, so by (5.4) we have 

Vi, E lyj(i)l <- L, 
j<g  

and hence, for any set I, we have 

(5.6) E ]YJ(i)I -< Lca rd I .  
j<N,icI 

Since it is easily seen that  Ilx]l _< 1 ==* ]x(i)l _< L, for all i we have 

]lyl111. <_ n E lY(i)l 
iCI 

and (5.6) shows that  

(5.7) E ]}yjllll. _< LcardI. 
j<N 



174 M. TALAGRAND Isr. J. Math. 

Let S 2 = Ej<_N IlYJH2, �9 We can assume without loss of generality that  the 
y 2 sequence (llyjH2,) is non-increasing so that  II jll, <- S2/J �9 Thus 

E I[yjlIj 112. < S k2  2k+l  

~k<j~mk+ 1 - -  - ~ k  j<mk+,E Ilyjlb II* - < LS  --c2kx/__m__~. 

using (5.1), (5.7) and the fact that  ca rd l j  _< cardlmk+l for j <_ mk+l. Since 

we assume mk _> c~:425k, we get ~j<_N Ilyjlb 112. <-- LS,  and (5.2) yields S _< 

L(1 + v/-S), so S _< L. This proves the Orlicz property. 

Since X* satisfies the Orlicz property, it is of cotype q for each q > 2, and 

hence not of cotype 2 by Proposition 4.1 and Lemma 4.1. | 

6. C o t y p e  r 

THEOREM 6.1 : 

Proof." 

The space X is of cotype r. 

Using (4.1) it suffices to show that  for v e c t o r s  (Xj)j<_N in X we have 

(,; 
By homogeneity we can assume ][(~j<_g x~)1/2[] = 1. By definition of H" [I, for 

q = 1,2,3 we can find yq with ]]]yq [][q < 1 and (~j<_yX~) 1/2 --< Yl + Y2 + Y3, 

so that  

(6.2) Z xj_ 
j<_N 

For q ~ 3, let Iq = {i E N;yq(i) = max,_<3 lye(i)]}, so that  

2 21 

j<N q<_3 

We will show that  for q _< 3 we have 

E Illxjl'q IlIq <_ L. 
j<_N 

We assume first q = 1. We apply Lemma 2.3 to x = Yl- Let Ik,e be the support 

of xk,~ SO that ,  if Xj,k,~ = xjlIk,~ah, we have 

IiXjll, lik,,~, < ~ Iixj,k,~lik',~'. 
k,~ 
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Given numbers d(k, g, k ~, g') > 0 with 

(6.3) Vk',g', ~ d(k, g, k',g') <_ 1, 
k,g 

and writing 

Ilxj,~,ellk,,e, = ~ d(k, g, k', g')(d(k, g, k', g,)-lllxj,k,ellk,,e,), 
k,g k,e 

the convexity of the function t ~ t r shows that 

(6.4) Ilxjl~ II~,,e, <- ~ ,  d(k,e, k',g)-~+~llxj,k,ell;,,e,. 
k,g. 

Now we observe that on the support of xj,k,e we have 

(z xj,k,e < Xj,k,e ~_ Yl  + Y2 "-[- Y3 (_ 3yl = 3xk,e, 
j<_N 

so that 

(6.5) 

175 

IIxj,k,ell~,,e, ~ 311xk,ell~,,e,; ~ %,~,62 < 9xb.  
j < N  

Combining with (6.4) we get 

(6.6) 

E I [ l z j l I l l l l l < L  E d(k,•, , , - r + l  r - 2 ( ~  2 ) _ k , e )  Ilxk,ellk,,e, Llxj,k,ellk,,e, �9 
j<_N k,g.,k',U \ j<N_ / 

Using (2.16), and since ~,j<_N xj,k,e2 <_ 9x2k,e by the second part of (6.5) we see 
from (2.6) that  

(6.7) ~ 2 Let2 22(k-e-k'+e ') Ilxj,~,ellk,,e, <_ k,e 
j<_N 

Taking d(k, ~, k t, g)-*" = C21k-k'l+le-e'l where C is the smallest possible such 

that (6.3) holds, we see from (6.6) that  

(6.8) ~ [llxjli, II1~ < L ~ 21k-k'l+le-e'l+2<k-k'+e'-e)^2 ,,~ ,,r-2 _ c~k,gllWk,gllk,,g,. 
j (_N k,g,k',U 

To conclude the argument, we will use (2.15), and we will show that we can find 

numbers a' (k, ~, k', ~') such that 

(6.9) hlxk,ellk',e' _< c~k,ea' ( k, e, k', e ) ,  
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and 

(6.10) Yk, g, Z 21k-k'He-e'l+2(k-k'+e'-e)a'(k'~'k" g")T-2 <- L. 
k r ,~1 

These numbers  are found in a manner  similar to  the est imates of L e m m a  2.4, 

using now the full s t rength  of (2.17) ra ther  than  only (2.21). Specifically, besides 

the  est imates of L e m m a  2.4, we use the following ones. 

If  k' = k and gr _< g _ 2 we have g _> 1, so ck,e = 2k-enk  e/2, and we use (2.29) 

to get  tha t  a'(k, g, k ~, g') <_ 22knk. 1/2. 
9 k ~ - 1 / 2  , ~ ' + 1  _ k + l  1/2 If  k ~ < k and t~ _> 1 we use (2.29) and ck,e --< " '~ , '~k' --< '%-1 --< n k to  

get a'(k,g, k', g) < 22knk ]/4. 
(The numbers  a ' (k ,g ,  k~,g ') are very small unless k = k t and [ g -  gt I _< 2 or 

k' = k -  1 and/~ = 0 or k ~ > k and t~ ~ = 1. Only the last case could be dangerous,  

but  this is not  the case thanks  to the te rm 2(k - k') in the exponent  of (6.10).) 

This concludes the a rgument  when q = 1. Since the cases q = 2 and q = 3 

are similar we t rea t  only the case q = 2. To lighten nota t ion  we make the  

convention tha t  all summat ions  are over k and k' even, wi thout  ment ioning it 

explicitly. We apply L e m m a  2.5 to x = y2 and we denote  by Ik,e the suppor t  of 

xk,e so that ,  if xj,k,e = xjll~,~ni~, we have 

(6.11) 11xjlI2[lk,,e, <_ ~ IlXj,k,ellk',e'. 
k,g 

By the tr iangle inequali ty in the space gT/2, for numbers  aj,k, we have 

- -  k ~ a j ' k '  ) " 

Using this for 

we get 

(6.12) 

at,k, = flxjl~ll[., e,) 

(;  )2jr ( )21  
liixjl/2 iii; < ~  ~ Ilxjl/211[, ~, 

_ j , ~ '  

Using the first par t  of (6.5) and (6.7) ( that  remains true in the present case 

with the same proof)  we have 

r i 2 r 2 ,'~2(k--k q-s --~)H I r - -  (6.13) ~_, Ilxy,k,ellk,,e, <_ ~C~k,eZ tlXk, e k',e'" 
j<_g  
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Consider numbers d(k, 6, k', ~') as in (6.3). Starting from (6.11), proceeding as 

in (6.4) and using (6.13) we get 

r _ k ,~ )-r+10z2,~22(k-k +~ -~) r -2  Ilxjl,~llk,~, < ~ d ( k , e ,  ' ' . . . .  IIx~xll~,,e,. 
j<_N k,e 

Combining with (6.12) we get 

(6.14) 

( j ~  lllxjls~ lll; ) 21~ 

, # I ~-- r+ l^2  o2(k--k +g --g) ll.. Ilr--2 

k' _ ' k,~ 

Let us choose the numbers d(k, 6, k', ~') as in the case q = 1 and let us consider 

numbers b( k, 6, k', 6') such that 

(6.15) Vk, 6, k', ~', 

Then from (6.14) we have 

(6.16) 

where 

Thus 

(6.17) 

where 

By (2.32) we have 

(6.18) 

Ilxk,ellk',~' _< ak,tb( k, 6, k', ~'). 

I I I x j l ,~ l l l ; )  <_ L E Ec(k'e'k',e')~rk,~) 2/~ 
_ k '  ~ _  ' k , ~  

c( k, 6, k', ~') = 21k-k'l+le-~'l+ 2(k-k' +~'-~) b( k, 6, k', g,)r- 2. 

I I I x j l ,~ l l l ; )  <_ L E S(k'k')A~) ~i" 
_ k "  

A k  =- E ark, g' 
t<_k 

f(k, k') = sup ~ c(k, 6, k', 6'). 

A~/r <_ L 
k 
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and since 2/r _< 1 we have 

k,k' 

Using (6.17) and (6.18) it suffices to show that  the numbers b(k,~, k' , f ')  can 

be chosen so that  

E f(k ,  k') 2/~ < L. 
k ~ 

This follows from essentially the same estimates as in the case q = 1. | 

7. I n f r a t y p e  2 

When trying to prove the infratype 2 property one must first find a strategy 

to construct suitable choices of signs. The simple strategy we will use is made 

apparent in the following lemma. 

LEMMA 7.1: Given an integer M and a number A, there exists a number 

K(M,  A) with the following property. Consider a Banach space F of dimen- 

sion M, and v e c t o r s  (Xj)j<_N in F. Then we can find a partition o f { l , . . . ,  N}  

into 3 sets I1,/2, I3 with card 12 = card I3 and a one-to-one map q2:12 --+ I3 

such that 

(7.1) ~ x~(~/) I(j<~N )1/2 
A v  ~jXj + E ~j(Xy -- < -~ ][Xj][ 2 + K(M,d)max[[xj[[.  

jEI2 _ j < N  

Proof'. We consider a number r > 0, and we partition F into the "shells" 

Ck = {x C F;  (1 + c) k _< [[x[[ < (1 + s 

for k E Z. We then partit ion each set Ck into K ( M )  sets U such that  diam U _< 

2c(1 + r 

In this manner we have partit ioned F in small cells such that  if x, y belong 

to the same cell, we have 

(7.2) [ I x -  y[] _< 10c[[x[I. 

To construct the sets I1, /2, /3 we group by pairs as many elements as possible 

in each cell. Thus xj and xv(j) belong to the same cell, while each cell contains 

at most one element x j, j E I1, so that  

[[xJll < K(M,a)maxlIxyl l .  
- -  j < _ X  

jEI1 
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On the other hand, if C denotes the cotype-2 constant of F, we have, using 

(7.2), 

( \1/2 ( )1/2 
Av ~ r b ( x  j - xv(j)) < C E llxj - x~(J)ll 2) <_ lOeC ~ [[xjl[ 2 

jCI2 jEI~ j < g  

We then take e = 1/(IOAC), and use that C is bounded by a function of M. 
| 

THEOREM 7.1: If the sequence (ink)k>_1 increases fast enough, the space X is 
of infratype 2. 

Proof.' Consider elements (xj)j>l of X, and assume without loss of generality 

that ~j>_l [IxJ[[ 2 <- 1 and that the sequence ([[xj[I)j>_x is non-increasing so that 

[[xj[] < 1/V ~. Let us recall the sets Ij of Theorem 3.1, and set Jk = Ik+l, so 
that Mk = card Jk <_ k2 2k+1/c~ and 

j <mk+l  ~ I j  C Jk ~ g~ C i r .  

I Hence if we set xj = xjlj ,!  for m k <  j _< ink+l, by (3.2) we have 

] _< L. 
\ j ~ l  

H Let us write xj = x j lg  k, so that for mk < j _< ink+l, all these vectors belong 

to a space Fk of dimension Mk. By Lemma 7.1 (used for A = 2k), we can find a 

partition of {ink + 1 , . . . ,  ink+l} into three sets /1,/2,/3 and a one-to-one map 

~: Is -+/3 such that 

Av E rlJXY + E ~j(xy - x';(j)) <_ 2 -k + K(Mk,2-k)m[,  1/2, 
jEI1 j e l l  

using that IIx}'ll _ Ilxjll <_ 1/v~;-.  In this manner we construct a partition of 

{1, . . . ,  N} into three sets/1, /2, /3 and a one-to-one map ~: h -+ h such that 

(7.4) Av E ~JX2 + E qj(x] - x';(j)) <_ E ( 2  -k + K(Mk,2 -k )m~l /2 ) .  
jEI1 JEI'~ k>l 

The number K(Mk,  2 -k) depends on nk-1 only, so that if the sequence (ink) 
increases fast enough the right-hand side of (7.4) is finite. 
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Since X is of co type  r, by Propos i t ion  4.1 and (7.3) we have 

Av E ~jx~ + E ~ ( 4 -  x;(~)) < L, 
j E I 1  j C I 2  

t II and the result  follows since xj  = xj -~ xj .  m 

Isr. J. Math. 

R e f e r e n c e s  

[1] J. Lindenstrauss and L. Tzaffiri, Classical Banach Spaces II, Springer-Verlag, 
Berlin, 1979. 

[2] M. Talagrand, Type, infratype and the Elton-Pajor theorem, Inventiones Mathe- 
maticae 107 (1992), 41-59. 

[3] M. Talagrand, Cotype and (q, 1)-summing norms in Banach spaces, Inventiones 
Mathematicae 110 (1992), 545-556. 

[4] M. Talagrand, Orlicz property and cotype in symmetric sequence spaces, Israel 
Journal of Mathematics 87 (1994), 181 192. 


