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ABSTRACT

We construct a symmetric sequence space that is of infratype 2 but not
of type 2.

1. Introduction

A Banach space X is said to be of infratype p if there exists a number C such that
for any N > 0 and any vectors z1,...,zny of X, one can find signs n; € {-1,1}
such that

(11) Z e

J<N

<o(y ||xjnp)1/p.

<N

A Banach space X is said to be of type p if there exists a number C' such that
for any N > 0 and any vectors x1,...,xxy of X, one has

1/p
Y mpas| < C( > ||$j||p) ,

JEN J<N

(1.2) Av
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158 M. TALAGRAND Isr. J. Math.

where Av denotes averaging over all choices of signs. Obviously, if a Banach
space is of type p it is also of infratype p. For p < 2, the converse is proved in
[2]. This paper will prove that this converse does not hold for p = 2.

THEOREM 1.1: There exists a symmetric sequence space X that is of infratype
2 but not of type 2.

Let us recall that a symmetric sequence space is a space that admits a 1-
unconditional basis, and such that the norm of a vector is invariant under per-
mutation of its coordinates in this basis.

A Banach space X is said to be of sup-cotype ¢ if there exist a number C

such that for any N > 0 and any vectors z1,...,xxy of X we can find signs #;
such that

1/q
(13) (S o) | X nas

JEN JEN

and it is said to be of cotype ¢ if (1.3) can be replaced by

(1.4) (= nxjnq)wscm S nyes

J<N JEN

It is proved in [3] that for ¢ > 2, a Banach space X is of cotype ¢ if and only
if it is of sup-cotype ¢q. For ¢ = 2, this is not true, even if X is a symmetric
sequence space, as is shown in [4].

When trying to construct a symmetric sequence space X of infratype 2 but not
of type 2, the first approach that comes to mind is that the dual of the space of
[4] should be a good candidate. However, the symmetry between (1.1) and (1.3)
is rather formal. Given vectors (z;);<n, it is much easier to find signs (;)i<n
such that || 3-.< v m;z;|| is large than to find signs such that 122 < mymsll is
small. There is much less room to construct the example that proves Theorem
1.1 than the space of [4]. Not surprisingly, however, the dual of the example we
are about to construct is a new example of a space that is of sup-cotype 2 but
not of cotype 2.

ACKNOWLEDGEMENT: The author is grateful to an anonymous referee for
pointing out a mistake in the first version of this paper, and for a very careful
reading that led to many improvements.
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2. The construction; basics properties

The construction depends on a sequence (my);>1 of integers, and on a parameter
r > 2. The space X will be of cotype r.

We observe that X cannot be of cotype 2, or even of sup-cotype 2. Indeed,
in that case, if (e;) denotes the canonical basis of X, assuming without loss of
generality that |le;|| = 1, we have || >,y miaieil] = || 2, n aies]| by uncondi-
tionality, so that - -

E a;é;

i<N

1 \ 1/2
> 5(2%)

i<N

if X is of sup-cotype 2, and

E Gi€q

i<N

c(5)"

i<N

if X is of infratype 2. Thus in that case X is isomorphic to a Hilbert space, and
hence of type 2 and of cotype 2.

The only requirement for the sequence (my)r>1 is that it increases fast
enough; how fast is required for our construction will be determined later. We
set ny = 2kmy,, and we already assume that n; > ni(_]”;' 23

Consider the space Z of functions N — R with finite support. The space X

will be the completion of Z for a certain norm. For z,y in Z we write
(y,2) =D y(@)z(i).
i>1
The bracket (-) will also be used to denote the duality between X and its dual
X*.
To lighten notation, for z € Z we write

CS(z) = card{i € N, z(i) # 0},

the cardinality of the support of x.

Given a > 0, and integers s < ¢, we consider the norm
a

21)  lellss = sup { (.2 Vi (i) < T2 Iyl < o CS(w) < 2},

where || - ||2 denotes the £2 norm. For k£ > 1 and 0 < ¢ < k we consider the norm

k+t £+1

llZllke = ||%]la,s,c where a=2"F s =nf and t = ny,



160 M. TALAGRAND Isr. J. Math.

We consider the norms

1/r
ana,

k>1,0<0<k

(23) mmf(Z(meWYi

k even N0<e<k

(2.2) nww(

1/2
(2.4) s = Iz, %)
= (3, (3, )
and finally
(25 =l = inf{{ll 2y Il + a2 Il + 2 lll5;2 = 21 + 22 + 23}

In (2.3) and everywhere, “k even” means “k even and k > 2”.

The space X is the completion of (Z,]| - ||), so it is obviously a symmetric
sequence space. Of course, the ideas behind these definitions will become clear
only gradually. We first have to learn how to work with the norms || - ||x ..

We start with simple facts.

LEMMA 2.1: We have

(2.6) llzlla,s.t < allzll2,
(2.7) alla,s,e < &\/lewﬂoo»
a
(2.8) lzlla,s,e < Izl CS(x)—\/—g.
Of course here || - ||oo denotes the supremum norm.

Proof: To prove (2.6) we use that (y,z) < ||y||z||z]l2- To prove (2.7) we use
that (y,z) < |lyllillzllo < lYll27v/CS(¥)]|2Z]lco, and to prove (2.8) we use that
W, 2) < lyllollzll < lylleollzllz/CS(z). @

LEMMA 2.2: If ||z||as,+ < b and if the sequence (|z(3)|) is non-increasing, then

(2.9) WM%%
2
(2.10) > (i< 2—2
s<i<s+t

Proof: By taking y(1) = ta//s for i <s (< t) and y(:) = 0 if ¢ > s, we get

el < Y le(i) < 272

i<s
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and this proves (2.9).
For s <i < s+t, let y(i) = x(i)/Ab, where

A = max (a% %( > x(z’)2> 1/2),

s<i<s+t
and let y;(0) =0ifi<sori>s+t.
Thus, by (2.9), and since |z(¢)| < |z(s)| for ¢ > s, we have |y(7)| < a/+/s, and
we also have 3., .., y(i)* < a®.

Thus
1

(o) =7 D, #@)<b

s<i<s+t
and this implies (2.10). |

We define ¢p = ¢; = 1, and for £ > 2 we define
(2.11) cp =28/ [k .
We define ¢, g = ¢;; and for 1 < £ < k we define
(2.12) Cpp =270 nt’?,

For secondary technical reasons, we will also use the norm A defined by
Ni(z) = ||z||oo for k= —1,0,1 and for k > 2 by

(2.13) Ni(z) = sup{{z, ); llyll2 < 1,CS(y) < nj_y}.
Thus for k& > 2 we have
(2.14) Zllk—1,8-1 < Ni(z).

LeMMA 2.3: If|jx1]|| €1, we can find a decomposition
k>1,0<e<k

and we can find numbers ay, > 0 such that the elements x;, have disjoint
supports and

(2.15) Y <L
k>1,0<0<k

(2.16) zxell2 < 25 “au e,

(2.17) Iz elloo < k0,05

(2.18) CS(zk,e) < nit,

(2.19) Ni(zr,0) < oo
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Here and below, L denotes a number that depends only on X, and that need
not be the same at each occurrence.

Proof: Without loss of generality we assume that the sequence (Jz(7)|) is non-
increasing. We set 8x¢ = ||2||r¢, and if £ > 1 we set o = PBre. We set
a1 = 2010, and if k > 2 we set ay,0 = Bro + Br~1,k—1- Thus (2.15) holds by
(2.2).

Setting ng = 1, for £ > 1 we define x ¢ by 2 0(7) = z(¢) if n’,j_l <1i < ny and
71 0(7) = 0 otherwise. We use (2.10) with s = 1,¢ = ny,a = 27% and b = By 41
to see that 3., 2(i)? < 2%%87 , so that |jzx olle < 2810 < 28y 0. Moreover,
for 1 > nf_; we have ix(1)? < 2282 | and thus ||[zx0lle < crBro < crono- If
k > 2 we use (2.10) with s = n’;:},t = n’,:j_l, a=1and b= fi_1 1 to see
that Znﬁj:}§i<nﬁ_1+n:§:} 2(1)* < By p_1, 50 that (since the sequence (|z(i)|)
is non-increasing) we have Ny (zg 5-1) < Br—1,4-1 < ago. If k = 1 we have
M(z10) = llz10ll0 < llZ10ll2 < 2610 = 203 0.

For 1 < ¢ < k, we define z, o by z4,,(i) = z(i) if nf <i < nﬁ“ and zy ¢(i) =0
otherwise. We observe that (2.18) is obvious by construction. We use (2.10)
with s = nf,t = ni“, and @ = 27%+¢ b = B, , to prove (2.16) and (2.9) to get

k—¢
lerello < —mane < creare. B
oy

We need the following kind of converse to Lemma 2.3.

LEMMA 2.4: Assume that for k > 1 and 0 < ¢ < k we are given x, € Z and
oy ¢ > 0 such that

(2.20) lzk,ellz < 25 oy,
(2.21) 1zk,elloo < chatr,e,
(2.22) CS(xx,e) < nit?,
(2:23) Ni(zre) <27

Then if ¥ = 3", g<ocy Thot We have
1/r
(2:24) letlosz( 3 ak)
k>1,0<8<k

The reader observes the exponent £ + 2 rather than ¢+ 1 in (2.22) and the
term ¢, rather than ¢ in (2.21).
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Proof: For any integers k', ¢/ > 0, we have
llller e <Y ok ellar er,
k£

where to lighten notation we keep implicit that the summation is over k > 1
and 0 < £ < k. We are going to prove that

(2.25) ek ellw o < o ealk, £,k )
where
(2.26) V6, Y a(k, LK, 0) <L
kl’el
(2.27) VK, O, > ak, 0K, ) < L.
k£

The convexity of the function ¢ — " shows from (2.25) that

r—1
||l‘||7:/ ’ S a(k,é, kl,fl) az @ k,é, kl,él .
k' y

k2 k£

Summation over k', ¢’ and use of (2.26) and (2.27) then establish (2.24).
The rest of the proof is made tedious by the need to distinguish cases. From
(2.6), (2.7) and (2.8) respectively we get that

(2.28) lan,ellp e < 27K HEFEqy o,
(2.29) e llir e < 27K TEFRE Inlit cpan s,
42
_ ! R n;
(2.30) g ellis o < 275 FEFRE 7:@' Q.-

k/

If k' > k and ¢ = 0 we use (2.28) to get a(k, £, k', ') < 28—K'—¢,

If k' > k and ¢ > 1 we use (2.30) and we observe that nft? < nft2 <\ /mpr
since ny > npy1 > 0y, 26:42) 50 we get a(k, £, K, ') < 26n _1/4.

Ifk'=Fkand ¢ > E + 3 we use (2.30) to see that a{k, 0, k', ¢') < 2’°n,:1/2.

If k' = k and #' < £+ 2 we use (2.28) to get that a(k, £, ¥, e') < Lat-t.

Ifk' <kand ¢ +1<k—1 we use (229) emdn‘z+1 <niTle —an,:ffz to
get a(k, 0, k', ¢) < n}jl{?.

Finally, if k < k', and ¢/ +1 > k — 1, since £ < k' we have k' > k — 2 so that
k' ={ =k —1. In that case we use (2.14) and (2.23) to get ||k ¢lls—1,5-1 <
Ni(zk0) < 2 %y and hence a(k, £, k', ¢") < 27
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It is then immediate to check (2.26) and (2.27). |
We define ), ; = 2¢;-; and for £ > 1 we define ¢, , = ¢ ¢ = okt t/2,
LEMMA 2.5: If|||z |||, < 1, we can find a decomposition
T = Z Tk
k even,0<f<k
and numbers ay 4 > 0 such that the elements xy , have disjoint supports and

(231) >(Z az,z>m <r,

k even *0<({<k

(2.32) zx,ellz < 25 ap,
(2.33) 12k elloo < i p0,e,
(2.34) CS(zy,e) < nitt

(2.35) Ni_1(zr0) € agpo.

Proof: Without loss of generality we can assume that the sequence (|z(7)|) is
non-increasing. We define 8 ¢ = ||z||k,¢- For £ > 1 we define oy ¢ = Bre. We
define ag g = 262, and for k > 4 we define ay 0 = B0 + Bi—2,k—2. For k> 2,k
even, we define z, o(7) = z(2) 1fnk > <1 < ny and z4,0(¢) = 0 otherwise. We use
(2.10) with s = 1,t = ng,a = 2% and b = B to get 3, #(1)* < 220Gy
and ix(i)2 < 228, o, which implies (2.33). When k > 2 we use (2.10) with

s = nt g, t= nﬁ é,a =1and b= fy_95_2 to get Nk_1(xk’0) < Br—2,k—2. The
rest is as in the case of Lemma 2.3. [ |

The proof of the following is very similar to that of Lemma 2.4 and is left to
the reader.

LEMMA 2.6: Assume that for k even and 0 < £ < k we are given elements
Zke € Z and numbers oy, o > 0 such that

(2.36) zx,ell2 < 28,
(2.37) llzx elloo < 2¢k—10¢,
(2.38) CS(x1,e) < nit?,
(2.39) Ne1(zr,e) <27 e

Then we have

(2.40)

Z ( Z ah)”")l/?.

k even ~0<¢<k

2 2w

k even 0<¢<k

<
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Of course, similar results hold for a summation over k odd.

3. The decompaosition property

The basic property of our construction is as follows.

THEOREM 3.1: Consider vectors (x;)j<n of X. Then we can find an increasing
family (I;);<n of subsets of N such that

(3.1) j <mpy1 = card [; < k2% +1/c2

and such that if z; = 2;1;¢, we have

oo (59"

Proof: To simplify notation we set z; = 0 for j > N. All summations over j

<o Ser)”

JSN

will involve only finitely non-zero terms. By definition of || - ||, and Lemmas 2.3
and 2.5, for j > 1 and k > 1, 0 < ¢ < k, we can find numbers a4, ; > 0 and
Br.e; > 0 such that

/7
(3.3) ( 3 a;,e,j) <l

k>1,0<0<k
2/ 1/2
(34 (T (Z ) ) <lol
k even “0<¢<k
2/r\ 1/2
35) (S (S stes) ) <lal
k odd “o<e<k
and elements x4 ;,yx.¢,; of Z such that
(3.6) the vectors (zy,¢,;) have disjoint supports for k > 1,0 < ¢ < k,
(3.7) [[5,e,5ll2 < 25 “an e,
(3.8) lzk,e,5ll00 < chjo0th e 5
(3.9) CS(w,e,5) < it
(3.10) Ni(®r,0,5) < @i,
(3.11)  the vectors (yx,e,;) have disjoint supports for ¥ even and 0 < ¢ < k,
(3.12)  the vectors (yxe,;) have disjoint supports for k& odd and 0 < ¢ <k,
(3.13) lyeegllz < 25 “Bie s
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) lyk,e.illoo < €k oBro.gs
(3.15) CS(¥r.e,j) < nitt,

) Ni—1(r,05) < Brogs

) lesl < S0 (Imkes] + lyk.es))-

k>1,0<6<k

Consider for k£ > 1 and 0 £ £ < k the function vg 4 given by

(3.18) Vi = Z(fi,e,j + yZ,z,j%

where the summation is over j such that my < j < mgy1 and p such that
max(L,¢) <p<k.

By Markov’s inequality there exists a set Ay, with card Ay, < 2%-2¢/c2
such that

(3.19) llo,elag ,lloo < 25 Ferlvgello-

We define

L= U4
mp<je<p
If j < my41 then m, < j = p <k, and since ¢, > ¢ for p < k& this proves (3.1).
Of course the reason for this definition will become clear only when we perform
the main calculation, which we start now. We keep the convention that 3_, ,
means summation for k > 1 and 0 < ¢ < k. Using (3.17) we have

(3.20) w?h; < LZ(QT%,M + yﬁ,l’j)h;
k¢
so that
(3.21) Y@l SLY D (e +yies)ls;
i>1 k. j>1

We define z ¢ > 0 and yi ¢ > 0 by

2 2 . .2 _ 2
(3:22) The= D Thes Yee= D Yt
j<my, J<my
and for ¢ > k we set

_ 2 2
Wk,t,q = Z (zk,l,j + yk,(,j)h;’

me<j<mg41
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so that by (3.21) we get
(3.23) PEAVESHY (xi,z e wk,e,q> :
j>1 k.6 qzk
Now, for j > mgq and £ < g we have I; D Ag, so that I7 C A7 , and

Z Wh,e,g < Z lac, Z (x305 + Vhoo;)

g>k>6>0,k>1 g>k>0>0,k>1 Mg <i<Mgsn

< Z Lac, Z Z (xz,é,j+ylzc,l,j)

g>1,4>4>0 My <j<mayr k>1,q>k>¢

— 2
- Z UqaelAzf

g21,424>0
using (3.18). Thus from (3.23) we see that
1/2
(Z :U?h;) SLY (wee+yne+onelag )
i>1 Y

To finish the proof we will show that, setting S = (35, llz;]|*)!/?, we have

(3.24) ‘ > e < LS,
k¢ 1
(3.25) > wee|| <LS,
k even,0<e<k 2
(3.26) > wke|| <LS,
kE odd,0<e<k 3
(3.27) Z vela, ’ < LS,
k even,0<{<k 3
(3.28) Z Uk,llA‘i,, “ < LS.
k odd,0<¢<k L
The reader notes the key fact, the use of |||-||l; in (3.27) and of |}|-|l|, in

(3.28). To prove (3.24) we set

1/2
_ 2
Akt = ( Z O‘k,e,j>
j<my

and we use (3.7) to (3.9) to see that

lzxellz < 25 a0,
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|2x,elloo < i ecm,e,
CS(x,e) <mpt?
(3.29) Ni(The) <2 k.

To prove the last relation we observe first the general fact that A% ((3 y2)'/?) <
(3" N2(y;))Y/?, which is obvious if one keeps in mind that A (y) is the supre-
mum of the ¢2 norms of certain finite-dimensional projections of y. We then note
that My (21,0,5) < ko, by (3.10), while for £ > 1 we use (3.8) and the fact that
we have NV (zy,;) < nt @k,2,5]l0o and nk/ }”/2 1/2 <27k <927t
Thus from Lemma 2.4 we have

2 2/r r/2\ 2/7
SL(Zaz’Z) :L(Z(Za‘ﬁm) ) <LS?,
1 ke k.t J

using (3.3) and the triangle inequality for the norm || - ||, /2.

10k, Sy’

The proof of (3.25) and (3.26) is entirely similar and we turn to the proof of
(3.28). We define B; ¢ > 0 by

(330) ﬂg’e = Z(ai’l,j + Bz,[,j)22(p—k)’

where the summation is over j with my < j < mg4y and p with max(1,¢) <
p < k. From (3.7) and (3.13) we see that

lokelly <D (leneslly + lypesl3) <D 22003 5 + Bpey) = 2267982,
where the summations are as in (3.30), so that
llog ellz < 257¢By 0.
Using this inequality and (3.19) we similarly see that
llvk,elag ,lloo < ciBe-
Moreover, by (3.9) and (3.15) we get

0+1 42
CS(vk,e) < 2mp4a Zn“ < 2kmyqang < nkj_l
p<k

Writing vp,e = Bp—1,¢ and wp,¢ = Vp-1,614:_, , we see that (setting k = p—1)

Z U’”"ZlAﬁ-;e = Z Wp,e

k 0dd,0<E<k p even0<{<p—1
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where

llwp,ell2 < 2p_[7p,€’ lop,elloo < cp—17p,e, CS(wp,e) < ”f>+2aNk—1(wp,l) < 24’717,%

the last relation being obtained as (3.29). Thus from Lemma 2.6 we have

2/r\ 1/2
> wan] (T (T ) )
2 k odd “0<e<k

k o0dd,0<t<k
We turn to the control of the right-hand side. Let v, ., = ap0; + Bpe.; 50
that by (3.3), (3.4) and (3.5) we have

(3.31)

2/r
(3.32) p 1, ( 3 vg,z,j) < Lla, I

0<e<p
and by (3.30) we have
Bre < Z’Yﬁ,z,jf(p_k)v

where the summation is as in (3.30). Thus, if we set 8,4 ; = vp¢; if £ < p and
dpe; =01if £ > p we get

Bre < Z Z 5;2,,&]-22(”_’“).

mp<j<mp41 1<p<k

Using the triangle inequality for the norm || - [|,/2, we get that for each k we
have
2/r 2/7
(o) < ¥ (% g

0<e<k M <j<mpp; 1<p<k “0<i<k

2/r
Sy e 5 )

mp<j<mpy1 1<p<k 0<t<p

> > 220 H g2,

my<j<mp41 1<p<k

IA

using (3.32) in the last line. Performing this summation we find that the right-
hand side of (3.31) is at most LS. This proves (3.28). The proof of (3.27) is
similar. 1
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4. Failure of type 2

We will need the following facts, true in any symmetric sequence space.
PROPOSITION 4.1: (a) Given elements (z;)j<n of X we have

( ) l’?)m PILIES

JEN J<N

< LAv

(4.1) l

(b) If for some r > 2 the space X is of cotype r, then

PILIES ( > x?)m

J<N J<N

(4.2) Av

.

(where C depends on X only).

Proof: If y* € X*,||y*|| <1, then, by Khintchine’s inequality,
1/2 1/2
v((Z2))-Tro( T o)

<N i>1 i<N
> myw;(i)
i<N

<LAvY |y ()|

i>1

Z NiT;

J<N

< LAv

and this proves (a). We refer the reader to [1] for a proof of (4.2). |

From (4.1), to prove that X is not of type 2, it suffices to show that for any
number A > 0 we can find elements (z;);<ny of X with

] ( ) xz)w > A( ) nxjn?)m.

J<N J<N
Consider an integer ¢ and disjoint sets (I )z<q of N, with card I}, = n;, and

k

k<g k<q

We see from Lemma 2.4 (used for oy, = 0if £ > 1 and a0 =1 for k£ < ¢) that
llz|l < Lq/7. Consider disjoint sets (Ji)x<q of N, with card Jy = nf, and

x'=2——2k—.1jk.

k<q \/ Nk
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It should be obvious that #* = N~'3 .\ z for a certain N, where z; is
obtained from x by a suitable permutation of the coordinates, so that

1/2
(13) ( ) ||xj||2) < LV,
J<N

Consider ]

v=) 1y =Y w

k<q 284 /0¥ k<g
so that
(y',z') =q
and thus
q

4.4) Izl > ——.
( =

Now, we observe that
lyslls <27%, CS(u) < 7§, luklloo < 27%/4/nf,
so that

(e, @) < L <27%lzllex < 27%||2]lly;

(e, 7) < Lllzlles1,05  (yr,2) < Lilllitz,0-

Thus we have (y',z) < 2|||z]||, and

W2y <L > lellko < Lvalllzlll,

k even,k<g+2

and similarly (y',z) < L/gl||z]ll5, so that ||y’||. < L./g. Thus (4.4) shows
that {|z'|| > \/g/L and, comparing with (4.3), this finishes the proof. 1

It is also good to note the following.
LEMMA 4.1: Given A > 0, we can find elements (y;);<n of X* with

(3 o) s A‘ (= yi)m

JSN JEN

*

Proof: With the previous notation, let

1
vl

k<q
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so (z,y) = ¢ and |ly|l > Lg¢'~/" since ||z|| < Lg'/". Obviously we have

y? =N Zj <N yjz- where y; is obtained from y by a suitable permutation of

the coordinates, and we have shown that ||y'|[« < L,/q. |

5. Study of X*

In this section we assume that the sequence my grows fast enough to ensure
that my, > 0;425’° (the crucial point being that ¢; depends only on my_1).

THEOREM 5.1: The space X* satisties the Orlicz property (i.e., is of sup-cotype
2), but is not of cotype 2.

The following property will be crucial.

PropPOSITION 5.2: Consider vectors (y;);<n in X*. Then we can find an
increasing family (I;);<n of subsets of N with

(5.1) j < mpy1 = card I; < k2211 /¢l

and such that

(52) (2}; ||yjni)1/2 < L(H (E;V y§)1/2

Proof: For j < N we consider z; € X, with ||z;|| = |ly;|l+ and (y;,z;) >
|ly;1|2/2. Then, by Theorem 3.1 we can find sets I; as in (5.1) such that

1/2 1/2
(S ) [<e(Zme)

J<N <N
Using the Cauchy-Schwartz inequality on each coordinate we have

(5.3) 3 (o 251r) < <<Zy§)1/27(2x?11;)1/2>

1/2
; (2 ||y]»111||i) )

JEN

J<N <N J<N
1/2 1/2
15 (g
J<N * Jj<N
1/2 1/2
SLI(Zy?) (Znymz) .
i<N * V<N
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On the other hand, we have

> i zilie) 2 > (Wi, z5) ~ vy, 2515,))

J<N J<N
1
J<N J<N
1
25 Nyl = D7 Nwsdy, [yl
J<N J<N
1 1/2 1/2
> 5 Sl - (X ) (i)
J<N J<N J<N
Combining with (5.3) yields the result. ]
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Proof of Theorem 5.1: We first prove the Orlicz property. Consider vectors

(y;)j<n of X* and assume that for all signs (1;),<n we have

(54) > omy| <L
J<N *
Then Av ) 3" v ny;]| <1, and, as shown by Proposition 4.1, we have
1/2
(5.5) \ ( > yJ?) <L
JEN *

It should be obvious that ||y||« > |y(¢)]/L for each ¢, so by (5.4) we have

Vi, > ly()l < L

JE<N
and hence, for any set 7, we have
(5.6) > ly;6)l < Leard .
<N, iel

Since it is easily seen that ||z|| <1 = |z(i)| < L, for all i we have
Iyl < LY lyG)l
i€l
and (5.6) shows that
(5.7) > lys1rlle < Leard .

J<N
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Let 5% = 3.y |ly;liZ. We can assume without loss of generality that the
sequence (||y;||2) is non-increasing so that ||y;||2 < 5?/j. Thus

k22k+1

S
Yool < — > il <LS

2
- VAL’ Cr.A/My;
My <j<Mi41 k J<mi41 k k

using (5.1), (5.7) and the fact that cardI; < card Iy, for j < mygyq. Since
we assume my, > c; *25%, we get Si<n lylnllZ < LS, and (5.2) yields S <
L(1++/S), so S < L. This proves the Orlicz property.

Since X* satisfies the Orlicz property, it is of cotype ¢q for each ¢ > 2, and
hence not of cotype 2 by Proposition 4.1 and Lemma 4.1. |

6. Cotype r
THEOREM 6.1: The space X is of cotype r.

Proof: Using (4.1) it suffices to show that for vectors (z;);<n in X we have

6.) (= umjur)l/r <(% xi)m .

SN J<N

By homogeneity we can assume ||(3-;< y z2)!/2|| = 1. By definition of || - ||, for
q = 1,2,3 we can find y, with |||y ||, <1 and (E]SN ac?)l/2 <y +y2 +ys,
so that

(6:2) > 2% <30y + 45 +93)-
J<N

For ¢ < 3, let I = {i € N;y4 (1) = maxy<3 |ye(¢)|}, so that
Z x? < LZyglfq.
J<N ¢<3

We will show that for ¢ < 3 we have

> s, Il < L.

J<N

We assume first ¢ = 1. We apply Lemma 2.3 to = y1. Let I} ¢ be the support
of zy¢ so that, if ;¢ = z;15, ,n1,, We have

leiin ke <3 o5kl e
k£
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Given numbers d(k, ¢, k', £") > 0 with

(6.3) VELE, > dk 6K, ) <1,
k.,

and writing

S lejkellire = > dk, 6K ) Ak, &K, €)7H|zjp el o),
k.2 kL

the convexity of the function ¢ — t" shows that

(64) ||$j111 H:’ N < Z d(kv A klv El)_r+l 1|xj,k,e!|;’,l’ .
k¢

Now we observe that on the support of ;. we have

1/2
Tike < ( Z x?,k,l) Sy +y2 +ys < 3y = 3Ty,

J<N
so that
(6.5) 25,50l 6,00 < 3l|zn,eller e Z 22 < 973 .
JEN
Combining with (6.4) we get
(6.6)
Sollzn <L Y dk, 6k, €))7 lzg 772 ( > uxj,k,eui,,g,).
J<N kg ke J<N

Using (2.16), and since 3,y 3, , < 927 , by the second part of (6.5) we see
from (2.6) that

(6.7) S laypelll o < La? 220K 46,
J<N

Taking d(k, £, k', ¢))~" = C2k=F1+1¢='1 where C is the smallest possible such
that (6.3) holds, we see from (6.6) that

P al — ! . -‘I I__ —
6.8) > lllzlnlllf <L Y b HIFIEEIRRERH =002 iz, o2
<N IR

To conclude the argument, we will use (2.15), and we will show that we can find
numbers a'(k, ¢, k', ¢’} such that

(6.9) kel e < onea'(k, €K, 21),
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and

(6.10) Yk, ¢, Z 2[k—k’|+|£—£'l+2(k—k’+£’—E)al(k’ ‘ kl’el)’r—Q < L.

ke
These numbers are found in a manner similar to the estimates of Lemma 2.4,
using now the full strength of (2.17) rather than only (2.21). Specifically, besides
the estimates of Lemma 2.4, we use the following ones.

Ik =kand ¢ </-2wehave{ > 1,80 ¢y = 2’”"_%;2/2, and we use (2.29)
to get that a'(k, €, k', €') < 22%kn 12,

Ifk" < kand £>1 we use (2.29) and ¢y < angl/z,nf:,“ < nkf} < ni/z to
get a'(k,£,k',¢) < 22kn;1/4.

(The numbers a'(k, £, k', ¢') are very small unless k = k' and |[{ — ¢'| < 2 or
kK'=k—-1land£=0o0rk > kand ¢ = 1. Only the last case could be dangerous,
but this is not the case thanks to the term 2(k — k') in the exponent of (6.10).)

This concludes the argument when ¢ = 1. Since the cases ¢ = 2 and ¢ = 3
are similar we treat only the case ¢ = 2. To lighten notation we make the
convention that all summations are over k and k' even, without mentioning it
explicitly. We apply Lemma 2.5 to ¢ = y2 and we denote by I ¢ the support of
T so that, if 250 = 2311, ,n1,, we have

(6.11) ;1o < D llzsmellnrer.
k£

By the triangle inequality in the space £/2, for numbers ajr we have
r/2\ 2/r /2 2/r
T
(Z(Saw) ) <Z(XTak) -
J<N ¥ k' NN

Using this for
2/r
e = (Slestalis )
Zl

we get
2/r 2/r
(6.12) (Z|||xj112|||;) sz(anmznz,,@) .
J<N WG

Using the first part of (6.5) and (6.7) (that remains true in the present case
with the same proof) we have

SR / j—
(6.13) S llwgmelli e < Lod 226500 7
J<N
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Consider numbers d(k, £, k', ¢') as in (6.3). Starting from (6.11), proceeding as
in (6.4) and using (6.13) we get

> Nt e <de 0RO R 22| 2

I<N

Combining with (6.12) we get
(6.14)

2/r
(S stz
J<N
) 2/r
<Ly ( 37> dik, 6 K ¢) T ag o2k ||a:k,e||27,2) .

K [ARS - N

Let us choose the numbers d(k, £, k', £') as in the case ¢ = 1 and let us consider
numbers b(k, £, k', £') such that

(6.15) Vk, ¢, k’,é’, H.Tk,g“k/,g/ < ak7gb(k,£,k’,fl).

Then from (6.14) we have

2/ 2/r
619 (X lian |||;‘) <Ly ( S Vel bk, O,
F<N <k’ k£
where
C(k, e, k’, gl) — 2|k—klI+|€_Z,|+2(k_k,+€l_e)b(k,e, k’, el)r—2
Thus
2/r
e (Sheig) <22 (e
J<N E k
where

Ay = z O‘Tl‘;,b

<k
flk, Ky =sup > c(k, 6K, ).

<k g
By (2.32) we have

(6.18) Y4y <L
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and since 2/r < 1 we have

Z(ijf(k,k'm) W

k'

Using (6.17) and (6.18) it suffices to show that the numbers b(k, £, k', £') can

be chosen so that
D flk K<L
kl

This follows from essentially the same estimates as in the case ¢ = 1. ]

7. Infratype 2

When trying to prove the infratype 2 property one must first find a strategy
to construct suitable choices of signs. The simple strategy we will use is made
apparent in the following lemma.

LEMMA 7.1: Given an integer M and a number A, there exists a number
K (M, A) with the following property. Consider a Banach space F of dimen-
sion M, and vectors (x;)j<n in F. Then we can find a partition of {1,..., N}
into 3 sets I, I, I3 with card I = card I3 and a one-to-one map ¢: I — I3
such that

(7.1)

Av

Z’hxﬂ + 277]

J€ENL JEI2

1/2
2 -
) < S (S ele)” 001 4 me e

<N

Proof: We consider a number ¢ > 0, and we partition F' into the “shells”
Cr={z e F;1+e)f <|z|| < A +&)*1}

for k € Z. We then partition each set Cy, into K (M) sets U such that diam U <
2e(1 + )k

In this manner we have partitioned F' in small cells such that if z,y belong
to the same cell, we have

(7.2) llz = yll < 10¢]|z||.

To construct the sets I1, Iz, Is we group by pairs as many elements as possible
in each cell. Thus z; and z,(;) belong to the same cell, while each cell contains
at most one element x;,7 € I, so that

> llagll < K(M,e) maXHiFJH
Jj€nL
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On the other hand, if C denotes the cotype-2 constant of F, we have, using
(7.2),

Av

Z n;(z o ()

JEI2

1/2 1/2
< C( Z lz; — 2, J)||2> < 1060( Z ||x]||2) .

jelz J<N

We then take ¢ = 1/(10AC), and use that C is bounded by a function of M.
| |

THEOREM 7.1: If the sequence (my)y>1 increases fast enough, the space X is
of infratype 2.

Proof: Consider elements (z;);>1 of X, and assume without loss of generality
that >, llz;]|* < 1 and that the sequence (||z;||);>1 is non-increasing so that
llz;]] < 1/+/7. Let us recall the sets I; of Theorem 3.1, and set Ji = Iy, S0
that M = card Jy < k22%+1/cZ and

J<mp =L CJy = J C L.

Hence if we set z; = z;1,¢ for my, < j <myy1, by (3.2) we have

& (z=)"

Let us write xg’ =z;1,,, so that for mj < § < my41, all these vectors belong
to a space Fj, of dimension Mj. By Lemma 7.1 (used for A = 2*), we can find a

<L

partition of {my + 1,...,my4,} into three sets 1, 5, I3 and a one-to-one map
@: Iy — I3 such that

anl,//+zn](x//_ // )

jE€nL i€l

Av <27% 4 K (Mg, 2 %ym; 2,

using that [|z//|| < ||2;]| < 1/y/my. In this manner we construct a partition of

{1,..., N} into three sets Iy, I, I and a one-to-one map ¢: I, —+ I3 such that
(74) AV D mal + Y i =2l < DD @7F + K(My, 27 ym P,

ISTR JEI2 k>1

The number K (Mj,27*) depends on ny_; only, so that if the sequence (my)
increases fast enough the right-hand side of (7.4) is finite.
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Since X is of cotype r, by Proposition 4.1 and (7.3) we have

! /
Av| Y mal+ Y milag - alp)|| S L
j€N JjEl2
and the result follows since z; = z; + z7. [
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